We establish conditions under which Baire measurable solutions of
This paper has been inspired by a lecture [5] It happens very often in the theory of functional equations in several variables, see the monograph [2] by A. Járai, that measurable solutions are continuous. However, as it seems, the general theory elaborated by A. Járai is not applicable for (1). Lebesgue measurable solutions of (1), and in fact Haar measurable solutions of much more general equations, were considered by T. Kochanek and M. Lewicki in [3] . We consider Baire measurable solutions of
under the following assumptions concerning the given functions.
(H 1 ) G is a metrizable topological group, T is a topological Hausdorff space and N is a positive integer. 
for every ∈ G and ∈ R the function Φ| { }×G×R N is continuous at ( 0 ), and for every ∈ G and 1 N ∈ R we have
The functions 1 N : G → G are continuous at zero and vanish at zero.
We are interested in solutions : G → R of (2) with the following two properties.
(P 1 ) | M is Baire measurable for a second category subset M of G having the property of Baire.
has the property of Baire.
Remark 1.
If (P 1 ) holds with M containing −1 ({0}), then −1 ({0}) has the property of Baire, and so we have (P 2 ).
Theorem 1.
Assume (H 1 )-(H 4 ). If : G → R is a solution of (2) with properties (P 1 ) and (P 2 ), then is continuous at zero and vanishes at zero.
Proof. It follows from (2) and (H 4 ) that Γ(0 0 0) = Φ(0 0 (0) (0)) which jointly with (3) gives
Applying (P 1 ) and the topological version of Lusin's theorem [4, Ch. II, §32, II] we can find a first category set P ⊂ G such that | M\P is continuous. Then M \ P is of second category and making use of Grosse-Erdmann's theorem [1, Theorem 2.B1] we obtain a neighbourhood U 0 ⊂ G of zero with the property that for any sequence ( ) ∈N in U 0 the set C given by
is of second category in G.
Suppose is discontinuous at zero and let ( ) ∈N be a sequence in G with lim and consider the set C defined by (5). We will show that
Fix ∈ C . Then + ( ) ∈ M \ P for ≥ 0 and ∈ {1 N} and so lim
→∞ ( + ( )) = ( ) for ∈ {1 N}
Hence and from (2), (H 3 ) and (4) we obtain
This and (H 2 ) shows in turn that given by (6) is finite,
and | ( ) − | = | ( )|. Since = 0, it proves (7). Fix 0 ∈ C . If ∈ C , then according to (2) and (7) we have
and applying (3) we see that ( + ( 0 )) = 0 for a ∈ {1 N}. This shows that
is of second category and it follows from [4, Ch. I, §10, V, (7)] that there exists a point of −1 ({0}) such that for every neighbourhood U ⊂ G of that point the set U ∩ −1 ({0}) is of second category. Hence and from (P 2 ) we infer that there is an open set U ⊂ G such that U ∩ −1 ({0}) is of second category and has the property of Baire. Making use of Grosse-Erdmann's theorem again we obtain a neighbourhood W 0 ⊂ G of zero with the property that for any sequence ( ) ∈N in W 0 the set C 0 given by
is of second category in G. (4) gives
Applying now injectivity of Γ( 0 ·) we obtain = 0. It contradicts (6) and ends the proof.
We finish with two corollaries concerning solutions of (1).
Corollary 1.
Assume G is a metrizable topological group. If : G → R is a solution of (1) with properties (P 1 ) and (P 2 ), then is continuous.
Proof. It follows from Theorem 1 that is continuous at zero and vanishes at zero, and directly from (1) we have
Corollary 2.
Assume G is a metrizable topological group of second category in itself. If : G → R is a solution of (1) and | U is Baire measurable for a neighbourhood U of a point of −1 ({0}), then is continuous.
Proof.
Since
it follows from the Banach category theorem [4, Ch. I, §10, III] that U is of second category. In particular (P 1 ) holds and according to Corollary 1 it is enough to show that has also property (P 2 ). To this end fix arbitrarily ∈ −1 ({0}) and let 0 ∈ U ∩ −1 ({0}). and so U − 0 + is a neighbourhood of such that its intersection with −1 ({0}) has the property of Baire.
